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CONTINUUM PERCOLATION MODELS FOR THE ENERGY 
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Crete, Greece 

and 

ALEXANDER BLUMEN 
Max-Planck-Institut fur Polymerforschung, D-6500 Mainz, 
and Lehrstuhl fur Theoretische Chemie, Technische 
Universitat Munchen, D-8046 Garching, FRG 

Abstract 
through random walks on continuum percolation models. 
The static (percolating) and dynamical (transport) 
aspects are monitored through their scaling properties 
with respect to distance and time. We compare our re- 
sults with those for usual, discrete percolation. For 
the fractal exponent d we find good agreement, but the 
diffusion exponent D shows somewhat lower values, dif- 
fering by about 10% from usual percolation. We discuss 
and analyze these observations. 

We study energy transport in disordered media 

I. INTRODUCTION 
1 

Transport in random media is an active area of research , 
whose applications range from the microscopic point of view 

(charge carriers and excitation transfer ) to the macro- 

scopic one (diffusion through permeable rocks and patterns 

2-6 

I of river flow >. Organic crystals at low temperatures have 
L been proven to be very good test systems for such transport 

properties, since f o r  them a wealth of experimental results 

exists. Thus for systems such as benzene, naphthalene, or 

anthracene mixed (chemically or isotopically) crystals one 

has adequate information for their interaction potentials, 
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204 P. ARGYRAIUS AND A. BLUMEN 

and t h e i r  f i r s t  few e l e c t r o n i c  exc i t ed  s t a t e s ,  i nc lud ing  

l i f e t i m e s .  

Because of s i m p l i c i t y  b a s i c  t h e o r e t i c a l  models of d i s -  

o rde r  o f t e n  s tar t  from an  under ly ing  d i s c r e t e  g r i d ,  on which 

s i t e s  o r  bonds a r e  p laced  randomly, thus  l ead ing  t o  s i t e  o r  

bond p e r c o l a t i o n  i n  t h e  usua l  s ense  . It  i s ,  however, ev i -  

den t ,  t h a t  t h e  s t r u c t u r e  of amorphous systems i s  by f a r  more 

complex than  t h e  s t r u c t u r e s  a t t a i n a b l e  through t h i s  d i s c r e t e  

approach. More f l e x i b l e  s t r u c t u r e s  a r e  ob ta inab le  through 

cont inuous  models i n  which geometr ica l  p a t t e r n s  are p laced  

randomly i n  space  . I n  t h i s  work we focus  on two-dimen- 

s i o n a l  continuous p e r c o l a t i o n  and study t h e  t r a n s p o r t  of 

e x c i t a t i o n s  through t h e  cont inuous  channels  formed. A s  b a s i c  

r e g u l a r  geometr ica l  p a t t e r n s  former works have used both  

d i s c s  and squares9-14. Here w e  work wi th  squares ,  because 

they are t e c h n i c a l l y  s impler  t o  handle ,  and a l s o  because 

they  do no t  impose an inhe ren t  cu rva tu re  on t h e  boundary 

s e p a r a t i n g  t h e  conducting from t h e  non-conducting reg ion .  A s  

i n  d i s c r e t e  p e r c o l a t i o n ,  one expec ts  a t  t h e  c r i t i c a l  occupa- 

t i o n a l  p r o b a b i l i t y ,  p t h e  i n f i n i t e  c l u s t e r  t o  be f r a c t a l  
C '  

( i . e .  t o  scale wi th  d i s t a n c e )  " - I 4 ,  and t h i s  i s  a c r i t e r i o n  

which w e  ana lyze  i n  t h e  fo l lowing  s e c t i o n s .  We remind t h e  

r eade r  t h a t  t h e  c r i t i c a l  p r o b a b i l i t y  p i s  t h a t  va lue  of p 

a t  which a n  i n f i n i t e  c l u s t e r  i s  formed f o r  t h e  f i r s t  time. 

A s  r ega rds  t h e  t r a n s p o r t  over t h e  i n f i n i t e  c l u s t e r ,  w e  model 

i t  through a random walk i n  t h e  continuum. Here we monitor 

t h e  mean-square d isp lacement ,  R , from t h e  o r i g i n  of t h e  

walk, and i t s  t i m e  dependence. I n  Sec t ion  I1 w e  d e s c r i b e  t h e  

model i n  d e t a i l  t oge the r  wi th  t h e  new computational a lgo r i thm 

t h a t  gene ra t e s  p e r c o l a t i n g  c l u s t e r s  e x a c t l y  a t  t h e i r  c r i t i -  

cal p o i n t ,  p . W e  f e e l  t h a t  t h i s  i s  a s u p e r i o r  method because 

then each computer r e a l i z a t i o n  p e r c o l a t e s  exac t ly .  I n  Sec t ion  

1 

8-15 

2 

C 
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CONTINUUM PERCOLATION MODELS 205 

I11 we describe our results for 2, the fractal dimension, 
and D, the diffusion exponent. We compare these findings with 
the well known discrete lattice models, as well as with other 

recent related works. 

11. DESCRIPTION OF THE MODEL 

We use simulation methods that are based on a 2-dim model in 

which the continuum is introduced by eliminating all site 

symmetry. For  this we use a number of squares N, whose 
centers are placed at random on a lattice of size LxL. The 

occupational probability p here is defined as p=N/L2. A 

cluster is formed by two or more squares that have any amount 

of overlap. A l l  particle motion is confined on such clusters. 

Thus, due to the random positioning of all squares, the peri- 

meter of the incipient critical cluster loses all site sym- 

metry characteristics and the diffusing particle moves inside 

a "continuous space" boundary, 

For bookkeeping purposes only, we use a discrete under- 

lying lattice made of LxL cells, each cell being exactly 

equal to the size of the square. We place n squares randomly 

in each cell. The number n is determined also at random by 

use of a Poisson distribution of the form 11-14. 

P(p,n) = e-'pn/n! 

This process is equivalent to placing the total number of 

squares N directly in the LxL area, but has two advantages. 

First, we keep track of all square coordinates more easily, 

and secondly, when we investigate the squares' overlap to 

find the cluster formations we go cell by cell, and column 

by column, to scan the whole lattice in one sweep, from the 

upper left corner to the lower right. At every instance we 

check the eight neighboring cells, and two squares will be- 
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206 P. ARGYRAKIS AND A. BLUMEN 

long  t o  t h e  same c l u s t e r  i f  t h e  x and y d i s t a n c e  between 

t h e i r  c e n t e r s  i s  l e s s  than  one square  u n i t  away, 
- 

Our new model u t i l i z e s  a technique  t h a t  f i n d s  t h e  cri-  

t i c a l  c l u s t e r  e x a c t l y  f o r  each random r e a l i z a t i o n .  This me- 

thod i s  more time consuming when compared t o  t h e  f a s t  C l u s t e r  

Growth Technique16, b u t  i t  i s  more accu ra t e .  We s t a r t  a t  a p 

somewhat lower than  t h e  c r i t i c a l  p e r c o l a t i o n  th re sho ld ,  p 
C’  

and ensure  t h a t  t h e  c r i t i c a l  c l u s t e r  has  n o t  appeared y e t .  

Then we add a c e r t a i n  number of squa res ,  t h e i r  exac t  number 

and l o c a t i o n  being recorded. Usually t h i s  number i s  a power 

of 2 ,  say 2”. I f  a f t e r  t h i s  change t h e r e  i s  s t i l l  no i n f i n i -  

t e  c l u s t e r  a new a d d i t i o n a l  s e t  of squares  i s  added and th,e 

process  i s  repea ted  u n t i l  t h e  c r i t i c a l  po in t  i s  surpassed .  

A t  t h i s  p o i n t  t h e  l a s t  set: of squares  i s  removed; t h e  s e t  i s  

p a r t i t i o n e d  i n t o  two equal sets and only  t h e  f i r s t  h a l f  i s  

now added; t h e  l a t t i c e  i s  t e s t e d  aga in  f o r  c r i t i c a l i t y ,  b u t  

now wi th  2’ squares  be ing  added. This process  cont inues  wi th  

t h e  repea ted  d i v i s i o n 2 ’  of t h e  o r i g i n a l  number ( 2  

i t  goes down t o  2’. A t  t h i s  p o i n t  w e  are a s su red  t h a t  w e  a r e  

e x a c t l y  a t  t h e  c r i t i c a l  p o i n t ,  i . e .  one s i n g l e  square  has  

caused t h e  appearance of t h e  i n c i p i e n t  p e r c o l a t i n g  c l u s t e r .  

Tes t ing  f o r  c r i t i c a l i t y  i s  done us ing  a new ve r s ion  of t h e  

Cluster-Multiple-Labelling-Technique (CiGT). The d e t a i l s  have 

been r epor t ed  elsewhere6. We only need t o  apply  CMLT as many 

times as t h e  power of 2, i . e .  h e r e  w e  apply i t  10 t i m e s ,  

something n o t  very  t i m e  consuming. Using t h i s  technique  w e  

employ l a t t i c e s  of 100x100 o r  150x150 i n  s i z e .  

10 
), u n t i l  

Our c r i t e r i o n  f o r  p e r c o l a t i o n  h e r e  i s  t h a t  squares  be- 

longing  t o  t h e  c r i t i c a l  c l u s t e r  must appear on a l l  f o u r  s i d e s  

of t h e  l a t t i c e  and must touch i n  a t  l e a s t  one po in t  i n  both 

d i r e c t i o n s .  This  i s  because w e  want t o  ensure  (us ing  p e r i o d i c  
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CONTINUUM PERCOLATION MODELS 207 

boundary conditions) the possibility of unlimited motion. A 

particle is placed at random on the largest cluster at time 

t=O. The direction of its motion is also chosen at random. 

If an attempted move leads to a point outside the critical 

cluster this move is not permitted. But the move "consumes" 

one time unit, i.e. we are in the so-called "blind ant" 

model. At the lattice boundaries, for random walk purposes, 

we use periodic conditions, i.e. the particle is allowed to 

move from one end of the lattice to the other if it remains 

on the largest cluster. We keep track of its position at all 

times by monitoring its coordinates, which due to the bound- 

ary conditions may span a distance much larger than the lat- 

tice itself. This happens only if squares of the largest 

cluster touch the lattice boundaries. The critical cluster 

structure is now based on its form in the LxL region. Thus 

small clusters that coalesce with the largest cluster only 

under periodic boundary conditions are not assumed to be part 

of the largest cluster, the latter being the largest cluster 

of the LxL region, indefinitely repeated via periodic bound- 

ary conditions. We monitor R , the mean-square displacement 
as a function of time. We use two step lengths, one equal to 

the side of the component squares, and one equal to one-tenth 

this length. 

1 7  

2 

111. RESULTS AND DISCUSSION 

The p derived in our model is: 

p = 1.127 + 0.003 
C - 

where the uncertainty is obtained by averaging two sets of 

calculations containing 100 realizations each. One set uses 

lattice sizes of 100x100 and one set sizes 150x150. This pc 

value is in good agreement with previously reported 9,10,13 
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208 P. ARGYRAKIS AND A. BLUMEN 

va lues  of pc= 1 . 1  & 0.1. Ref. 13 g ives  f o r  a s l i g h t l y  d i f f e -  

r e n t  cond i t ion  pc = 1.11+0.04. It  should a l s o  be  remembered 

t h a t  t h e  c r i t e r i o n  used h e r e  f o r  p e r c o l a t i o n  i s  t h a t  t h e  

c r i t i c a l  c l u s t e r  must touch a t  a l l  f o u r  s i d e s  of t h e  square  

l a t t i c e  and have a t  l ea s t  one common p o i n t  under p e r i o d i c  

boundary c o n d i t i o n s  i n  both  coord ina te s .  W e  checked t h a t  

somewhat d i f f e r e n t  c r i t e r i a  r e s u l t  i n  s l i g h t l y  d i f f e r e n t  p, 

va lues ,  bu t  aga in  wi th  smal l  u n c e r t a i n t y  bounds. 

We now v e r i f y  t h a t  t h e  l a r g e s t  c l u s t e r  w e  u se  i s  indeed 

c h a r a c t e r i z e d  by a f r a c t a l  exponent, by c a l c u l a t i n g  i t s  

s i z e  a t  d i f f e r e n t  s c a l e s  of magni f ica t ion .  We do t h i s  by 

choosing from t h e  o r i g i n a l  l a t t i c e  s e v e r a l  square s u b l a t t i c e s  

of d i f f e r e n t  s i z e ,  and cen te red  on t h e  o r i g i n  of t h e  whole 

l a t t i c e .  We then  c a l c u l a t e  t h e  number N(L)  of squares  be- 

longing  t o  t h e  l a r g e s t  c l u s t e r ,  t h a t  are p r e s e n t  w i t h i n  each 

s u b l a t t i c e  of l e n g t h  L. The r e s u l t s  are g iven  i n  F igu re  1 ,  

where w e  p l o t  N as a f u n c t i o n  of t h e  s u b l a t t i c e  s i d e  l eng th ,  

L. We s e e  t h a t  i n  loga r i thmic  s c a l e s  t h e  r e l a t i o n s h i p  i s  

l i n e a r  and obeys t h e  form: 

N -LJ  

Here d i s  t h e  f r a c t a l  exponent and i t  i s  given by t h e  s l o p e  

of t h i s  curve .  I t s  va lue  i s  d=1.95+0.02. We remark t h a t  t h e  

l as t  few p o i n t s  i n  each curve  d e v i a t e  s l i g h t l y  from l i n e a -  

r i t y .  This  i s  most probably due t o  boundary e f f e c t s ,  espec i -  

a l l y  s i n c e  t h i s  d e v i a t i o n  i s  always around t h e  new bound- 

aries when t h e  l a t t i c e  s i z e  inc reases .  The va lue  d=1.95 i s  

about 2.5% h ighe r  than  t h e  usua l  d=1.90 f o r  d i s c r e t e  l a t t i c e s ,  

a l s o  der ived  from i=d-@/v, where d i s  t h e  usua l  Euclidean 

d imens iona l i ty ,  i n  our  c a s e  d=2, and B and v a r e  t h e  s t a t i c  

p e r c o l a t i o n  exponents.  However, t h i s  d i f f e r e n c e  may a l s o  be 

due t o  t h e  c r i t e r i o n  used f o r  de f in ing  t h e  c r i t i c a l  perco- 

l a t i n g  c l u s t e r .  The customary d e f i n i t i o n  i s  t o  r e q u i r e  t h a t  

- 
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CONTINUUM PERCOLATION MODELS 209 

FIGURE 1 .  P l o t  of LogL ( L = s u b l a t t i c e  s i d e  l eng th )  v s .  

logN (N=number of squares  be longing  t o  t h e  l a r g e s t  

p e r c o l a t i n g  c l u s t e r  e x a c t l y  a t  c r i t i c a l i t y ) .  L e f t  

y-axis i s  f o r  l a t t i c e  s i z e  100x100, whereas t h e  r i g h t  

y-axis i s  f o r  s i z e  150x150. A l l  averages  a r e  taken 

a f t e r  100 r e a l i z a t i o n s . A l 1  logar i thms a r e  n a t u r a l .  

t h e  l a r g e s t  c l u s t e r  a t  p must touch e i t h e r  t h e  up-down 

t h e  l e f t - r i g h t  s i d e s  of t h e  l a t t i c e  and n o t  bo th  a s  w e  re- 

q u i r e  h e r e  ( s e e  prev ious  s e c t i o n ) .  The d i f f e r e n c e  i n  t h e  d 
va lue  may w e l l  be due t o  t h i s  f a c t ,  s i n c e  under our  condi- 

t i o n  t h e  s t r u c t u r e  i s  denser .  This  i s  a l s o  borne ou t  i n  

F ig .  1 ,  i n  which, by s h i f t i n g  t h e  y-axes t o  e q u a l i t y ,  t h e  

150x150 curve  l i e s  s l i g h t l y  above t h e  one f o r  t h e  100x100 

case .  

C 

The d i f f u s i o n  exponent, D, i s  der ived  by monitoring t h e  

mean-square d isp lacement ,  R2. Here t h e  r e l a t i o n s h i p  is: 
~2 - t 2 / D  

where t i s  time. Again we n o t i c e  t h a t  t h i s  should be a 
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n 

FIGURE 2. Plot of logR' as a function of log(time) for 

step length of one ( 1 ) .  The average is taken after 5000 

realizations of random walksperformed on 100 different 

random lattices (i.e. 50 walks per each lattice). 

1 

2.14- 

.- 

I I I 
6.00 7.00 0.00 9.00 10.00 

r.od 

r y ( t r r 0 )  

FIGURE 3. Plot similar to that i n  Fig. 2, but for step 
length of 0.1 units. 
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CONTINUUM PERCOLATION MODELS 211 

l i n e a r  p l o t  i n  l o g a r i t h m i c  form. This  is shown i n  F i g u r e s  2 

and 3 f o r  s t e p  l e n g t h s  equal  t o  1 and 0.1, r e s p e c t i v e l y .  We 

s e e  c l e a r l y  t h a t  t h e  exponen t i a l  r e l a t i o n s h i p  h o l d s ,  produ- 

c i n g  D=2.42+0.05 ( s t e p  l e n g t h  of 1 )  and D=2.55+0.05 ( s t e p  

l e n g t h  of 0.1). The second r e s u l t  ( f o r  0.1) i s  t r u s t w o r t h i e r ,  

s i n c e  sma l l  s t e p s  a r e  l e s s  prone t o  occur  c r o s s i n g  empty 

r eg ions ,  and thus  they  probe t h e  c l u s t e r  more a c c u r a t e l y .  We 

n o t i c e  t h a t  bo th  v a l u e s  a r e  somewhat lower than  t h e  D expo- 

n e n t s  r e p o r t e d  i n  t h e  d i s c r e t e  l a t t i c e  case ,  which have been 

r e p o r t e d  6 y 1 8  around D=2.70, and a l s o ”  D=2.80, f o r  2-dim 

l a t t i c e s .  I t  i s  worth n o t i n g  t h a t  i n  a r e c e n t  s tudy20 of t h e  

c r i t i c a l  exponents i n  t r a n s p o r t  p r o p e r t i e s  i t  was found t h a t  

t h e  e l a s t i c i t y  and pe rmeab i l i t y  exponents i n  t h e  continuum 

model d i f f e r  from those  i n  t h e  d i s c r e t e  model by 312 w h i l e  

no d i f f e r e n c e  was observed i n  t h e  c o n d u c t i v i t y  exponents ,  

f o r  2-dim l a t t i c e s .  In t h a t  model, however, c o n t i n u i t y  w a s  

b rought  i n  by employing a cont inuous  d i s t r i b u t i o n  of bond 

s t r e n g t h s ,  u n l i k e  ou r  s p a t i a l  c o n t i n u i t y .  

I n  summary, we r e p o r t e d  h e r e  a p re l imina ry  s tudy  of a 

model f o r  dynamics i n  cont inuous  p e r c o l a t i o n  systems. We 

p resen ted  an  e f f i c i e n t  a l g o r i t h m  t h a t  g e n e r a t e s  c r i t i c a l  

p e r c o l a t i o n  c l u s t e r s  e x a c t l y  a t  c r i t i c a l i t y .  We found t h a t  

t h e  f r a c t a l  exponents of t h e s e  c l u s t e r s  a r e  i n  f a i r  agree- 

ment w i t h  t h e  d i s c r e t e  l a t t i c e  case .  We then  monitored random 

p a r t i c l e  d i f f u s i o n  v i a  t h e  mean-square d isp lacement  and we 

found t h a t  t h i s  phenomenon i s  governed by t h e  same form of 

c r i t i c a l  exponents as i n  t h e  d i s c r e t e  l a t t i c e  case .  Our 

r e s u l t s  show t h a t  h e r e  D i s  somewhat lower than  i t s  v a l u e  

f o r  t h e  d i s c r e t e  l a t t i c e ,  and fu r the rmore ,  t h a t  d i f f e r e n t  

s t e p  l e n g t h s  r e s u l t  i n  v a r i a t i o n s  of t h e  D v a l u e .  D
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